A simple extension of the Standard Model (SM), based on the gauge group SU (3) C ⊗ SU (3) L ⊗ U (1) Y with Y being the hypercharge, is considered. We show that, by imposing an approximate global SU (2) L × SU (2) R custodial symmetry at the SM energy scale, the Z − Z ′ mixing is absent at tree level and the value of the ρ parameter can be kept close to one. Tree-level flavor-changing neutral currents are also reduced to three particles, namely Z ′ , a CP-odd Higgs and a CP-even Higgs. The model predicts new leptons with electric charges of ±1/2e and new quarks with ±1/6e charges as well as new gauge and scalar bosons with ±1/2e charges. Electric charge conservation requires that one of them must be stable. Their masses are unfortunately free parameters. * Electronic address: lthue@iop.vast.ac.vn † Electronic address: Duc.Ninh.Le@physik.hu-berlin.de
I. INTRODUCTION
Simple extensions of the Standard Model (SM), based on the gauge group SU(3) C ⊗ SU(3) L ⊗ U(1) X , have been extensively studied (see Ref.
[1] and references therein, see also Refs. [2] [3] [4] [5] [6] for similar models but with lepton-number violation). There are many 3-3-1 models different mainly at the choice of fermion content and representations. Typically fermions are organized into triplets and anti-triplets of SU(3) L in three generations. It is also usually required that the SM is recovered at low energies. With the present data [7] there seems to be still a lot of freedom in choosing the third entries of the (anti-)triplets.
For example, one can put in new heavy leptons or the anti-particles of the known leptons.
One can also choose to have new electric charges, e.g. new quarks with Q = ±4/3 and ±5/3 as in Refs. [3, 5] .
It is convenient to classify 3-3-1 models using the β parameter defined via the electric charge operator
where we have introduced the SU(3) generators T a , a = 1, . . . 8 and X the new quantum charge corresponding to the group U(1) X . To match with the SM, where Q SM = I 3 + Y /2 with I 3 being the weak isospin generator and Y the weak hypercharge, we must have α = 1 and
When the fermions and their representations are fixed then the value of β is uniquely determined. The reverse is however not true. Knowing β fixes the electric charges (for given representations) but not other properties such as lepton/baryon number or mass.
Most studies so far have focused on the case of β = ±n/ √ 3 with n = 1 or 3. Studies with so-called arbitrary β have also been done, see e.g. Refs. [8, 9] . Matching the couplings with the SM leads approximately to the constraint n ≤ 3, see e.g. Ref. [8] . If we require that the electric charges of the leptons and quarks must be the same as in the SM then n = 1. All 3-3-1 models have a new distinct feature compared to the SM, namely flavor-changing neutral current (FCNC) effects occur at tree level. This happens in the gauge and Higgs sectors [10] . (VEV), we can also kill this mixing at tree level by imposing that the VEVs satisfy a certain condition [11, 12] . It is therefore hoped that m Z ′ is not so far from the SM electroweak (EW) scale [12] . The Z − Z ′ mixing also breaks the β ↔ −β and simultaneously triplet ↔ anti-triplet symmetry, see e.g. Ref. [13] . From a practical viewpoint, this mixing makes the Feynman rules complicated and hence the models less attractive.
The above consideration leads us to an important remark: the simplest picture emerges in the case β = 0. We will show in this letter that, only in this case, the requirement of no Z − Z ′ mixing at tree level (barring the decoupling limit) leads to a very simple constraint on the VEVs of the two scalar triplets responsible for the symmetry breaking
This is also a hint to obtain a simple form of the scalar potential by imposing an approximate custodial symmetry [14] at low energies.
It follows that the value of the ρ parameter can be kept close to one and FCNCs in the scalar sector are reduced, being restricted to one CP-odd and one CP-even Higgs bosons.
To the best of our knowledge, the 3-3-1 model with β = 0 has never been considered in the literature 1 .
II. THE MODEL
With β = 0, the model can be named 331Y based on the gauge group SU(3) C ⊗SU(3) L ⊗ U(1) Y , we can write down the fermion representation as follows. Left-handed leptons are assigned to anti-triplets and right-handed leptons are singlets:
where the introduction of three right-handed neutrino states is optional and the new leptons From now on we leave the SU(3) C group aside, since it is the same as in the SM. In order to cancel all triangle anomalies the number of anti-triplets must be equal to the number of triplets. This means that one generation of quarks must be anti-triplets and two generations are triplets. In other words, there are 6 anti-triplets of leptons and quarks (which come in 3 colors) and 6 triplets of quarks. We choose that the first two generations of quarks are in triplets and the third anti-triplet as
where we have introduced three new quarks U 1 , U 2 and T with electric charges all equal to 1/6. This is different from models with β = 0, where different charges are predicted as
Unlike the SM, where anomaly cancellation happens within one generation of leptons and quarks, the anomaly cancellation in 3-3-1 models occurs after summing over leptons and quarks of three generations. The key difference is that the representations of SU(2) are real, while it is not the case for SU(3). This is why we need an equal number of anti-triplets and triplets, which forces one family of quarks to behave differently from the other two families as above mentioned.
We now discuss the gauge sector. There are totally nine EW gauge bosons, included in the following covariant derivative
where g 3 and g 1 are coupling constants corresponding to the two groups SU(3) L and U(1) Y , respectively. The matrix W a T a , with T a = λ a /2 corresponding to a triplet representation, can be written as
where we have defined the mass eigenstates of the charged gauge bosons as
We notice that in addition to the SM gauge bosons there is one more neutral gauge boson and four new charged gauge bosons with Q = ±1/2.
To generate masses for gauge bosons and fermions, we need three scalar triplets. They are defined as
These Higgses develop VEVs as
The symmetry breaking happens in two steps:
It is therefore reasonable to assume that u > v, v ′ . After the first step, five gauge bosons 
where c W = cos θ W , s W = sin θ W with θ W being the weak mixing angle read
The masses of the charged gauge bosons are
The mass matrix for the neutral gauge bosons (A, Z, Z ′ ) reads
where
and the off-diagonal entry is
This result shows us clearly that if we demand v = v ′ then Z and Z ′ do not mix and the ρ parameter is exactly one at tree level. We then obtain
At this point we note that the condition of no Z − Z ′ mixing, in the scenario where the scale u is not so far from v, v ′ , has been extensively discussed in Ref. [12, 16] for the cases of β = − √ 3 and β = −1/ √ 3. The same condition is also noted in Ref. [11] for the general case with arbitrary β, which reads
We see that, if β = 0, the above condition v = v ′ is again obtained. If β = 0 then we have v = v ′ and hence m V = m V ′ (see Eq. (13)). This means that, when one-loop corrections to the ρ parameter are considered, there is a fundamental difference between the two cases due to the contribution of the new gauge bosons to the oblique parameter T which is, in the absence of Z − Z ′ mixing, proportional to the mass splitting (m V − m V ′ ) as shown in
Ref. [17] . This correction is zero for β = 0 and non-zero otherwise. This suggests that the global custodial symmetry (see below) is broken if β = 0.
We note, in passing, that Eq. (17) gives
if the condition u ≫ v (or m Z ′ ≫ m Z ) is assumed for the first approximation.
We now turn to the scalar sector. The most general scalar potential, which is renormalizable and gauge invariant, reads
where f is a mass parameter and is assumed to be real. This potential has been studied in Refs. [18, 19] . Minimizing the potential with respect to u, v and v ′ , we get
Requiring the potential to be bounded from below gives λ i > 0 with i = 1, 2, 3. The mixing pattern is the same as in the minimal model [3] and has been studied in Ref. [18] . One special point to notice is that, even though there are four scalar fields with the same electric charge (Q = ±1/2), they mix in pairs as in the minimal model, namely (η 
For the pseudoscalar bosons, the mass matrix in the basis (ζ 1 , ζ 2 , ζ 3 ) reads:
For v = v ′ , we then obtain two massless Goldstone bosons and one CP-odd Higgs named A with mass:
This result requires f ≤ 0. The rotation matrix reads:
The three CP-even Higgses also mix to form the physical states. The mass matrix in the
which agrees with Ref. [18] . We observe that, even with the condition v = v ′ there is no simple solution for the Higgs masses. This is one of the most difficult problems of 3-3-1 models, namely the scalar potential contains many parameters. It is therefore desirable to identify a simple form of the potential such that the CP-even Higgs masses and couplings to other particles can be easily calculated and the SM physics can be obtained at low energies.
We found that v = v ′ is a very important hint to achieve this. Indeed, from Eq. (21) we see that the equality can be obtained if
Where does this come from? Is it related to any symmetry?
If we impose that the approximate global custodial symmetry SU(2) L × SU(2) R of the SM is satisfied by the scalar potential, we will also get back the constraints in Eq. (27) plus other constraints. This can be seen as follows. The scalar fields involved in the global custodial symmetry at the SM energy scale are:
We then define, as usual, Φ = (η ′ ρ ′ )/ √ 2, and write down the most general potential symmetric under SU(2) L × SU(2) R , which reads (see e.g. Ref. [20] )
The symmetry is broken down to SU ( 
This means that the terms proportional toλ 12 ,λ 13 , orλ 23 in the scalar potential break the custodial symmetry, and hence can give large corrections to the ρ parameter in the general case where the custodial symmetry is not imposed.
It is important to note that the conditions in Eq. (27) and Eq. (30) are tree-level relations and that they are broken by radiative corrections. This is because the custodial symmetry is broken by Yukawa and U(1) Y interactions. One-loop corrections to those relations are, in general, nonvanishing and divergent, as shown in Ref. [21] for an extended version of the SM with two scalar triplets. To cancel all UV divergences we need enough counterterms. It is therefore important to keep in mind that, some parameters may be absent at tree level (due to the custodial symmetry) but their counterterms are needed at one-loop level to obtain finite results. In other words, the conditions in Eq. (27) and Eq. (30) cannot be imposed on the counterterms.
Since the custodial symmetry is just an approximate symmetry, the above conditions should be also approximate. They should be understood as guidelines for keeping ρ close to one. Radiative corrections break those conditions and hence induce corrections to ρ.
These corrections are higher-order effects and should be, in principle, small. However, some quadratic divergences can occur, as shown in Ref. [21] , and hence one-loop corrections may be significant. Nevertheless, these large corrections can be cancelled by fine-tuning the counterterm of ρ [21] . Our conclusion is therefore that the value of ρ can be kept close to one in the present model with the relations in Eq. (27) and Eq. (30) approximately satisfied.
We now impose the conditions in Eq. (27) and Eq. (30) to find the eigenvalues and eigenvectors of the matrix in Eq. (26) . It turns out that a simple solution exists. The mass matrix can now be written as
The three CP-even Higgses have the following masses
We define the physical CP-even Higgs bosons via
2 The diagonalization can be done in two symmetry-breaking steps with v = 0 in the first step.
where s α = sin α and c α = cos α and they are defined by
In the decoupling limit t ≪ 1 we get, (recall λ 3 > 0),
We observe that the two Higgses H 2 and H 3 get masses after the first symmetry breaking and H 1 gets mass after the second breaking. s α is suppressed, meaning that H 1 couples very weakly to the new fermions. Therefore, H 1 is similar to the SM Higgs.
We are now in the position to examine the FCNCs in the scalar sector. For this purpose, we need to consider Yukawa interactions. For the leptons, since the three families transform identically under the SU(3) L group, there is no FCNC because diagonalizing the mass matrices automatically makes the interactions diagonal. For the quark sector, it is more complicated because the third family transforms differently. The Lagrangian reads:
where i = 1, 2; a = 1, 2, 3; It may be a mistake, therefore, to conclude that constraints on FCNC implies that the Z ′ is very heavy because destructive interference effects can occur, as discussed in Refs. [12, 22] .
We note that the conditions in Eq. (27) and Eq. (30) from the approximate custodial symmetry at low energies can also be applied to any model with the same scalar potential.
However, differently to the present model, the tree-level Z − Z ′ mixing remains (proportionally to β).
Finally we have a few comments on the exotic-charged particles, namely three exotic quarks with electric charges of ±1/6e, three exotic leptons with charges ±1/2e as well as new gauge and scalar bosons with charges ±1/2e. Electric charge conservation requires that one of them must be stable, being either a fermion or a boson. If it is a fermion, say the lepton E 1 , then we can have the following signature at the LHC. A pair of exotic quarks can be produced via gluon fusion, followed by subsequent decays to the stable lepton:
These decays are superweak, leading to long-lived exotic charged leptons and quarks [23] .
More details on this topic can be found in Ref. [24] . Experimental searches for long-lived charged particles similar to those have been carried on at the LHC [25] . From collider searches we can obtain lower limits on the masses.
On the other hand, there must be constraints from cosmology. Qualitatively, the relic density (ρ X ) of the stable exotic-charged particles (named X) is proportional to the inverse of the annihilation cross section σ ann (XX → SM), where SM here means a set of SM particles (see e.g. Ref. [26] ). Under this assumption, the model seems to be in conflict with the fact that none of Xs (or its effects) has been to date noticed, because we may naively expect that σ ann cannot be too large compared to σ EW (SM → SM). This may be true if X is a fermion and hence the above scenario of a stable fermion may be disfavored. . Of course, the cross section cannot exceed the unitary limit, but this kind of situation is a proof that σ ann can be much larger than σ EW , leading to a smaller density. It may be interesting to perform a quantitative analysis to see how small the theoretical density can be. In this scenario of a stable boson, the exotic quarks are heavier.
It is therefore more difficult to produce them at the LHC. Experimental searches for stable exotic-charged particles coming from outside the Earth can be found in Refs. [7, 27, 28] , where limits on the flux are given.
III. CONCLUSIONS
There are many 3-3-1 models. One important parameter to characterize the model is β.
Which value of β is the best to fit experimental data ? This question is to date still open. In this letter, we have discussed the special case of vanishing β. We showed that imposing the approximate global custodial symmetry at the SM energy scale on the scalar potential leads to a simple picture of the Higgs and gauge sectors at tree level. The Z − Z ′ mixing vanishes at tree level and the value of the ρ parameter can be kept close to one. Tree-level FCNCs are also reduced to three particles, namely the Z ′ , the CP-odd Higgs A and the CP-even Higgs H 3 .
An important consequence of this consideration is the prediction of new leptons with electric charges of ±1/2e and new quarks with ±1/6e charges as well as new gauge and scalar bosons with ±1/2e charges. Electric charge conservation requires that one of them must be stable. Their masses are unknown and they have never been experimentally observed.
We think that they should be taken into account in experimental searches, whose results (if model-independent enough) will help to confirm or exclude many theoretical scenarios. If an experimental signature arises, the present model provides a very simple framework.
